The three generalized Barnett-Lothe tensors L, S and H, appearing frequently in the investigations of the two-dimensional deformations of anisotropic piezoelectric materials, may be expressed in terms of the material constants. In this paper, the eigenvalues and eigenvectors for monoclinic piezoelectric materials of class m, with the symmetry plane at x 3 = 0 are constructed based on the extended Stroh formalism. Then the three generalized Barnett-Lothe tensors are calculated from these eigenvectors and are expressed explicitly in terms of the elastic stiffness instead of the reduced elastic compliance. The special case of transversely isotropic piezoelectric materials is also presented.
Introduction
It is known that Stroh formalism is mathematically elegant and technically powerful in determining the two-dimensional deformations of anisotropic elastic solids (Stroh, 1958; Ting, 1996) . The three real 3 · 3 matrices L, S and H, called Barnett-Lothe tensors appear often in the solutions of many anisotropic linear elastic boundary value problems. Due to its importance, the explicit expressions of Barnett-Lothe tensors have been investigated by many researchers for purely elasticity problem. The most general anisotropic materials without any symmetry plane assumed were considered by Wei and Ting (1994) and Ting (1997) . Other related works for anisotropic elastic materials with special symmetry plane considered are cited in the paper, e.g., by Soh et al. (2001) . However, all their representation of the three real matrices L, S and H are essentially in terms of the reduced elastic compliances. The extension of the Stroh formalism to the investigation of anisotropic piezoelectricity was made very earlier by Barnett and Lothe (1975) . In recent years, to better understanding the intrinsic coupling effect between mechanical and electrical field, this extended Stroh formalism is widely used in the piezoelectric research field. In applying this extended formalism to anisotropic piezoelectricity problem, similar to the purely elasticity problem, solutions may often be expressed in terms of three real 4 · 4 matrices L, S and H, or now called generalized Barnett-Lothe tensors (Ting, 1996) . As noted by Soh et al. (2001) , based on the extended Stroh formalism, the eigenvalues and the associated eigenvectors are not able to be expressed explicitly for piezoelectric materials which make the explicit expressions of the generalized Barnett-Lothe tensors unavailable. To circumvent this, the modified Lekhinitskii formalism was adopted by them (Soh et al., 2001) to construct the eigenvalues and the corresponding eigenvectors for the general anisotropic piezoelectric materials and the explicit expressions of the generalized Barnett-Lothe tensors for transversely isotropic piezoelectric materials are presented. Their results are all in terms of the reduced elastic compliances. The approach of constructing the eigenvalues and the corresponding eigenvectors from the Lekhinitskii formalism was earlier used by many researchers e.g. Suo (1990) , Ting (1992) for purely elastic materials.
In this paper, we construct the eigenvalues and eigenvectors for monoclinic piezoelectric materials of class m, with the symmetry plane at x 3 = 0 based on the extended Stroh formalism in a straightforward manner. The eigenvalues and eigenvectors are directly related to the elastic stiffness instead of the reduced elastic compliance. With algebraic calculations (Wei and Ting, 1994) , the explicit expressions of the three generalized Barnett-Lothe tensors are presented in a concise form. Results for the special case of transversely isotropic piezoelectric materials are also given. Below is the plan of our work. In Section 2, the extended Stroh formalism is outlined. Then in Section 3 the eigenvalues and eigenvectors are constructed for monoclinic piezoelectric materials with the symmetry plane at x 3 = 0. In Section 4 the generalized Barnett-Lothe tensors are computed. In Section 5, the special case of transversely isotropic piezoelectric materials is presented, and finally in Section 6 concludes the work.
The extended Stroh formalism
In this section, the extended Stroh formalism is introduced in the following. The convention that all Latin indices range from 1 to 3 (except where indicated) and repeated indices imply summation are all followed. Bold-faced symbol stands for either column vectors or matrices depending on whether lower-case or uppercase is used. In a rectangular coordinate system x i (i = 1, 2, 3), it is known that for two-dimensional piezoelectric materials the generalized displacement vector u = [u 1 , u 2 , u 3 , u 4 ] T (u i , i = 1, 2, 3: the elastic displacements; u 4 : electric potential) and the generalized stress function vector, u = [u 1 , u 2 , u 3 , u 4 ] T are expressed as where The material constants appearing in the matrices Q, R and T which are taking some special values for some indices are arisen from the constitutive equations for a linear piezoelectric material (Suo et al., 1992) 
Matrices A and B defined above possess the orthogonality relations (Ting, 1996) from which three real matrices L, S and H, which are called the generalized Barnett-Lothe tensors (Ting, 1996) , may be defined as
where i 2 = À1 and I is a 4 · 4 unit real matrix. Matrices L and H are symmetric and non-singular. The defined three generalized Barnett-Lothe tensors are not independent. They are related by
ð2:13a; b; cÞ As has been pointed out by Soh et al. (2001) , the explicit expressions of A and B can not be easily obtained for anisotropic piezoelectric material based on the extended Stroh formalism. It would be even more difficult to obtain explicit expressions for real matrices L, S and H. In the following sections, we will construct matrices A and B directly from the extended Stroh formalism and will present the three generalized Barnett-Lothe tensors of L, S and H in explicit forms for monoclinic piezoelectric materials.
The explicit expressions of A and B for monoclinic piezoelectric material
In this section the explicit expressions of A and B will be constructed for monoclinic piezoelectric materials based on the extended Stroh formalism. For monoclinic piezoelectric materials of class m, with the symmetry plane at x 3 = 0 (Nye, 1985) while the rest of the roots corresponding to Eq. (3.5) with positive imaginary part may be expressed as where a 1k , a 2k , a 4k (k = 1, 2, 4) and a 33 are unknown constants to be determined. The zero elements of a in Eq. (3.8) are easily understood from the structure of the matrix U stated in Eq. (3.2). As to the eigenvector b, the relationship between a and b in Eq. (2.11) implies that b is of the form where we have chosen b 2k = 1 (k = 1, 2, 4) and a new variable is taken for b 4k , i.e., h k = Àb 4k (or h k = Àb 4k /b 2k if b 2k 5 1) for the simplicity. Note that among the four elements of the eigenvectors b k (k = 1, 2, 4) shown in Eq. (3.11), only one element h k is left to be determined. Therefore it is desirable to express the unknown elements of a k all in terms of h k . This may be achieved by using the relation between a k and b k (k = 1, 2, 4) as shown in Eq. (2.11), i.e., It is observed from Eq. (3.14) that the dependence of all the elements of eigenvectors a k (k = 1, 2, 4) on the element h k are in a simple form. The only unknown element h k can be determined by substituting Eq. (3.14) into Eq. (2.6) by enforcing the eigenvectors a k to satisfy the eigenrelation. By doing so, a vector equation is arrived for h k
Choosing for example the condition of q 4 (h k ) = 0, h k can be determined as It can be verified that the values of h k determined above by the condition of q 4 (h k ) = 0 automatically satisfy the other condition, i.e., q 1 (h k ) = 0. So far we have constructed the elements of matrices A and B in terms of the elastic stiffness. In summary, matrices A and B for monoclinic piezoelectric materials with the symmetry plane at x 3 = 0 are expressed in the following form:
A ¼ where a ik (i, k = 1, 2, 4) are given by Eq. (3.14) and h k (k = 1, 2, 4) is given by Eq. (3.17). The structure of the eigenvectors a and b has been studied by many researchers, e.g., Soh et al. (2001) , all are from the point of view of Lekhinitskii formalism. We emphasize here that the same structure can also be constructed from the point of view of Stroh formalism. One feature of the present approach is that the eigenvectors obtained above are directly expressed in terms of the elastic stiffness, piezoelectric-stress and dielectric constants. For later computations of L, S and H, we need inverse of B which is given by where
Explicit expressions of L, S and H for monoclinic piezoelectric material
With the expressions of A and B constructed in Eq. (3.19), the three real matrices L, S and H defined in Eq. (2.12) can now be determined. As noted by Ting (1992) , Wei and Ting (1994) and Soh et al. (2001) , a direct substitution of A and B into Eq. (2.12) would lead to an undesired algebraic calculation for satisfying the requirement of orthogonality relations (Ting, 1996) . An alternative approach adopted by Ting (1992) and Soh et al. (2001) is followed which employs the inverse of the generalized surface impedance matrix M (Lothe and Barnett, 1976) , which is written as
Note that M is a non-singular Hermitian matrix (Suo et al., 1992) 
Taking the inverse of L À1 , we obtain the matrix L as The matrix H may be determined by the expression given by Eq. (2.13a), i.e., It should be noted that the structures of the generalized Barnett-Lothe tensors have been given by Soh et al. (2001) for transversely isotropic piezoelectric materials. Our results presented above are valid for monoclinic piezoelectric materials. Both structures appear the same, however, more elements are not identically zero for monoclinic piezoelectric materials. For example there are two extra elements of matrix L which are not identically zero, i.e., L 12 5 0, L 14 5 0. Besides, our results are expressed in terms of elastic stiffness instead of reduced elastic compliances as did in the paper by Soh et al. (2001) .
The explicit expressions of A, B and L, S, H for transversely isotropic piezoelectric material
Since transversely isotropic piezoelectric material has wide applications, it is of interest to present in this section the explicit expressions for matrices A and B and the corresponding generalized Barnett-Lothe tensors. For transversely isotropic piezoelectric materials with thex 2 -axis parallel to the poling direction, the constitutive equation can be obtained from monoclinic piezoelectric materials by letting c 45 = c 16 = c 26 = c 36 = c 34 = c 35 = 0, c 23 = c 12 , c 33 = c 11 , c 66 = c 44 , e 11 = e 12 = e 13 = e 26 = e 35 = a 12 = 0, e 23 = e 21 and e 34 = e 16 . With these vanishing elements, the matrix U defined in Eq. (3.2) simplifies to where c 55 = (c 11 À c 13 )/2. The roots corresponding to jUj = 0 can be classified into two types. For the type I the roots are
which show that all four roots are purely imaginary. As to type II the roots are
which show that two of them (p 1 and p 3 ) are purely imaginary and the rest two (p 2 and p 4 ) have non-zero real parts but with equal imaginary parts (Suo et al., 1992) . The corresponding eigenvectors a and b expressed in the forms of Eqs. (3.8) and (3.9) are related to each other. By adopting the relation a k = (R T + p k T) À1 b k = Vb k (where non-zero elements of matrix V for transversely isotropic piezoelectric materials are listed in Appendix A) the elements of a k may be related to h k again by Eq. (3.14) but now the parameters shown in Eq. (3.15) should be replaced by The substitution of the eigenvector a k into Eq. (2.6) leads to an equation for the unknown h k which is determined as Although matrices A and B for transversely isotropic piezoelectric materials are still expressed in the form as those in Eq. (3.19) (except the element a 33 is replaced by a 33 ¼ Ài= ffiffiffiffiffiffiffiffiffiffiffi ffi c 44 c 55 p Þ, we may further express the matrices A and B in a more explicit form depending on what types of the p's are. For type I, using the fact that elements of h k (p k ) (Eq. (5.6)) and a 1k (p k ) (k = 1, 2, 4) (Eq. (3.14a) ) are all real, and the fact that elements of a 2k (p k ), a 4k (p k ) (k = 1, 2, 4) (Eqs. (3.14b) and (3.14c)) are all purely imaginary, matrices A and B À1 may be further expressed as Here jBj is real since p 1 is purely imaginary, and h 1 is real for type II. which are all real again. Note again that the structures of the generalized Barnett-Lothe tensors given above have the same form as those given by Soh et al. (2001) . Their results are, however, in terms of the reduced elastic compliances. Numerical results for some practical piezoelectric materials calculated by the present formulae are given in Appendix B. The material constants (Ou and Chen, 2003) corresponding to these practical piezoelectric materials are listed in Table 1 of Appendix B. The non-zero elements of matrices Y and the three generalized Barnett-Lothe tensors corresponding to these practical piezoelectric materials are given in Table 2 of Appendix B.
In the papers by Ou and Chen (2003) and Liu (2005) , numerical results of matrices A and B are presented for transversely isotropic piezoelectric materials. To validate our procedure, we take the results of PZT-5H for comparison. With the material constants shown in Appendix B for PZT-5H, the results of Y = iAB À1 calculated from the paper by Liu (2005) which show that both are in good agreement.
Conclusions
We construct the eigenvalues and eigenvectors for monoclinic piezoelectric materials of class m, with the symmetry plane at x 3 = 0 based on the extended Stroh formalism. The approach is effective and straightforward similar to those researchers who employ the modified Lekhinitskii formalism. Our eigenvalues and eigenvectors are directly related to the elastic stiffness instead of the reduced elastic compliance. The explicit expressions of the three generalized Barnett-Lothe tensors are presented, all are in terms of the elastic stiffness. Results for the special case of transversely isotropic piezoelectric materials are also given. It is noted that the present approach may be applied to the determination of Barnett-Lothe tensors for the general anisotropic elastic materials which is under investigation.
Appendix A
The non-zero elements of matrix V in Eq. (3.13) for monoclinic piezoelectric materials are as follows: 
where 
The non-zero elements of matrix V for transversely isotropic piezoelectric materials are as follows: 
